Abstract. Observational evidence implying the accelerated expansion of the universe has been the motivation to develop various classes of modified gravity theories. One of them uses the so-called "screening mechanism", which is successful in reproducing the observed gravitational behavior in large scales as well as being in agreement with tests of general relativity in the solar system. In this work, we investigate an example of scalar-tensor theories with screening mechanism, namely the profile of a Chameleon field around inhomogeneous astrophysical objects. According to [1] , one can define two kinds of approaches applicable to the thin shell and thick shell regimes, that allow for a solution to the Chameleon equation of motion. For sufficiently large objects, the scalar field can be assumed to propagate from a thin shell of the object instead of the whole body, which simplifies the problem. On the other hand, this solution is not practical in small objects. We find that in inhomogeneous objects this is not trivial and at least one more factor, which turns out to be the density, can change the way of approaching this problem.
I. Introduction
Long time has passed since Einstein's general relativity theory (GR) was introduced and since then the theory has faced several challenges. Therefore, many alternative models have been developed, mainly aimed at solving some of the problems that appear when the theory fails. For instance, [2] and [3] are good references that introduce some of the modified gravity theories. One of the alternatives for a solution is adding at least one scalar field to the GR action that would form a scalar tensor theory. This scalar field's coupling to matter must be tuned to small values in order not to violate the equivalence principle and moreover it might explain some anomalous observations, like the universe accelerated expansion. The first attempt was made by Brans and Dicke [4] who tried to vary the gravitational constant that actually plays the role of the scalar field in their theory. Later on, it was suggested to add a potential in a way that the theory could be able to produce a deviation from the GR predicted behavior at large scales and at the same time to suppress the fifth force effects in the solar system, where measurements perfectly agree with GR predictions. Probing unscreened regions in order to find effects of the fifth force has been done by [5] , [6] and many more. Here we present one of those approaches for screening mechanisms, the Chameleon field whose behavior changes depending on the environment's density. Peculiarly, we study how the Chameleon field behaves in hypothetically homogeneous stars, and in more realistic cases such as Red Giant Branch stars and White Dwarfs as two extreme cases of inhomogeneity, we find that having a thin shell solution as explained in [1] that depends on the size of the objects is not always the case. The equation of motion of the Chameleon scalar field also has been studied inside and outside a spherically symmetric object in [7] .
II. The Chameleon scalar field
As an example of the Scalar-tensor theories, one can define a simple form of the action for the Chameleon field in Einstein frame written as:
where φ represents the Chameleon scalar field, Ψ
m are matter fields, and
is the metric that describes the geodesics for the i-th matter field. β i are dimensionless coupling constants that can vary for different kinds of matter, but in our case we assume them to be of order unity since we know that gravity 
Moreover, we consider solving this equation for non-relativistic matter. Consequently, the trace of energy-momentum tensor represents the energy density in Jordan frame:
We employ a conformal translation as it is simpler to solve the equation in Einstein's frame and obtain:
so that equation (3) transforms into
In this equation of motion there shall appear two important mass terms. The first one is a runaway potential which is a monotonic decreasing function, and the second is deduced from the conformal coupling of matter fields, e β φ /M pl . Combining these two terms gives us an effective potential whose derivative with respect to φ has appeared in the above equation and plays an important role in the Chameleon model:
For the first term on the left we consider inverse power-law potentials of the form
in which n is a positive constant and M has units of mass. Since the field values divided by the Planck mass do not contribute, we can use a linear approximation
so that the equation (7) can be written as:
Combination of inverse power-law potential and the exponential term provides the effective potential with a minimum. Hence, depending on how these two terms change, this minimum can change. In other words, both the minimum of the field φ min and it's mass m min depend on local matter density. This means that in places with high density, φ min shall be smaller and by decreasing density, φ min will change to greater values [8] . Differentiating the effective potential with respect to the scalar field gives the minimum value:
Moreover, the second derivative of V e f f with respect to φ can define the mass around the minimum of the effective potential, which takes the form:
Substituting equation (11) into (12) gives:
As it is visible in equation (13), the mass of the scalar field is directly related to density. This means that increasing local density will increase the field mass and hence its range will scale down. In particular, the Chameleon mechanism is a specific way of screening mechanism and is able to suppress the fifth force in the solar system. But as it is expected, there might be places with low densities that would reveal the effect of fifth force in them. The Chameleon mechanism usually works in objects with a "thin shell". A body has a thin shell if the Chameleon field inside it is constant everywhere but in a small region close to the surface of the object. This assumption would make the effect of the field weaker in large objects even if the field's range is considerable. If the object is sufficiently small, the thin shell regime will not be valid and the Chameleon approach is within the so called "thick shell" regime [1] . This issue is found to be trivial for homogeneous profiles, but we claim that it might not be trivial for some astrophysical objects that have significant inhomogeneous density profiles.
III. The numerical solution of Chameleon equation of motion
The main aim of this work is to investigate how the Chameleon field behaves in astrophysical objects, which are assumed to have inhomogeneous density distributions. In order to investigate the Chameleon effects, we first consider a homogeneous profile that will allow for comparison with inhomogeneous ones. The first density profile is simply distance dependent, followed by two other more realistic profiles that describe a white dwarf and an RGB star, respectively. In order to perform computations, we have written all the equations in dimensionless form and used the relaxation method described in [9] .
A. Homogeneous profile
The Homogeneous energy density profile we assume is
where r is the distance from the center, R c is the total radius, ρ c is the constant density value in center of the object, and ρ G is the background density. In order to make the dimensionless form of equation (6) using a spherical symmetry, one can rescale the scalar field with respect to the value of the field at the minimum effective potential by defining ϕ ≡ φ /φ c and the same procedure for the distance from the center of the object x ≡ r/R c and also defining m c which is the effective mass at the minimum effective potential. After some algebraic manipulations, The equation (6) can be written as
We treat the above equation as a boundary value problem with the following boundary conditions:
in which (φ G /φ c ) is the dimensionless scalar field in the galaxy, and it is proportional to ρ G /ρ c = 5 × 10 4 [10] . This equation has also been solved numerically in [11] .
B. Inhomogeneous profiles
In order to solve a more realistic problem, we can consider a density profile inside the object as a function of the dimensionless distance: The two density profiles related to a white dwarf and a red giant were produced using the MESA simulation code.
Modules for Experiments in Stellar Astrophysics MESA is a general, modern stellar evolution code able to run in a wide range of environments [12] .
IV. Results
As it was expected in a thin shell regime, the scalar field is suppressed inside the object (x < 1) and only in a very small region (the thin shell) it could start to increase to finally reach to it's maximum outside the object, the purple line in Fig. 1 . By varying the density, as it is shown in the green curve of Fig. 1 , the region of thin shell increases, however we still can have the thin shell regime for this configuration. Fig. 2 shows the profile of a white dwarf obtained from the MESA code. As it is shown there, the Chameleon field is not suppressed even inside the object. This simply means that the thin shell regime is not valid anymore therefore the Chameleon field permeates the entire object. As it is well known, in comparison to other astrophysical objects, White Dwarfs count as small, compact stars and consequently the thin shell regime applies. On the other hand, this means that if we choose a big configuration, the thin shell will still be visible. Fig. 3 shows the profile of an RGB star. The first conclusion is that the behavior of the field is almost the same as a white dwarf, without a thin shell. Therefore, size is not the only factor for having a thin shell regime, but density. Furthermore, a comparison of figures 2 and 3 shows that the minimum value of the scalar field in the RGB star is considerably higher than the one of a white dwarf. This is in agreement with the behavior of Chameleon: the lower the density, the higher the minimum value of the scalar field.
V. Outlook and conclusions
In Sec. I and II we have explained a special way of modifying general gravity, employing a scalar-tensor theory. We also discussed a type of modified gravity approach that uses a mechanism that although it satisfies solar system tests of GR by suppressing the fifth force, it may bear significant effects in larger scales of the universe. One of the simple ways to introduce a screening mechanism is using the prescription of the Chameleon model, used here. In Sec. III we have explained more details of the resulting numerical solutions and finally in Sec. IV, we showed the concluding results of the simple practice carried out in this work. We have found that in addition to size, varying density can also result into effects that fall under the thin shell or thick shell regime. As a following step, inclusion of a time dependent source shall be considered to investigate the behavior of the time-dependent Chameleon field as well as the effects of inhomogeneous environments.
